CONFORMAL BLOCKS AND COHOMOLOGY IN GENUS 



PRAKASH BELKALE AND SWARNAVA MUKHOPADHYAY 



Abstract. We give a characterization of conformal blocks in terms of the singular coho- 
mology of suitable smooth projective varieties, in genus for classical Lie algebras and G2. 



I. Introduction 

Consider a finite dimensional simple Lie algebra g, a non-negative integer k called the level 
and a A-tuple A = (Ai, . . . , Xn) of dominant weights of g of level k. To this data [TU [15] 
associate a vector bundle of conformal blocks V = V^ k on DJl g ^, the moduli stack of stable 
TV-pointed curves of genus g. The fibers of V on 97t 9i 7v can also be described in terms of 
sections of natural line bundles on suitable moduli stacks of parabolic principal bundles on 
TV-pointed curves of genus g (see the survey [T3]). 

Now suppose g = 0. Let C be the configuration of N points on A 1 . Let z = (zi, . . . , z^) G C 
and 3Z(z) be the corresponding Appointed curve. Consider the space of conformal blocks 
Vl(£(z)) associated to this data. In [2] (generalizing work of Ramadas [9]), an injective map 

from V~(X(z)) to the (topological) cohomology of a smooth and projective variety Yg was 
constructed (we recall this construction in Section |2]). Our aim here is to characterize the 
image of this injective map, for classical g and G2- This gives a cohomological description of 
genus conformal blocks. We hope that the result extends to the remaining cases for g, but 
note that our methods get more difficult to implement in these cases (see Remark 117.5ft . 
Fix the data of a Cartan decomposition of g: 

where A C fj*, the set of roots, is decomposed into a union A + U A_ of positive and negative 
roots. The set of simple (positive) roots is denoted by R. A Killing form ( , ) on g induces 
one on t) and fj*. Normalize the Killing form by requiring that (9,9) = 2, where 9 G A + is 
the highest root. Let k = k + g* where g* is the dual Coxeter number of g. 

Let us recall the main result of [2] . Assume that fi = YliLi ^ ^ s ^ n ^ e ro °t lattice (otherwise 
Vl(X) = 0) and (A i5 0) < k,i G [A]. Write /1 = £ ripCtp, where a p are the simple positive 
roots and n p > 0. Fix a map j3 : [M\ = {!,..., M} — > R, so that fx = J^fli @{a)- 
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Introduce variables t±, . . . ,tM £ P 1 — {oo, zi, ... , Zn} and consider the following Schechtman- 
Varchenko master function [ID] : 

> M N 

-(Aj.A,.) -p-r-pr (^£W) -p-,- -(*»(»)■«>)) 

ft = ]__[ (^-^) - Hll(*a-^-) K 11 (<a-*b) 

l<i<j<N o=l j=l l<a<b<A/ 

Let 

I f ={(< 1) ...,tM)eA M :t^i t ,t fl ^ !ll e [iV],fl<6G [M]}. 
Fix a sufficiently divisible positive integer C so that 

(1.1) C(Ai, Aj), C(P(a),P(b)), C(P(a),\i) GZ,Va,6G [M], z,j G [iV], a < 6, z < j. 
and an "evenness" assumption 

(1.2) C(a,a) G 2Z,Va G i? 

Consider an unramified (possibly disconnected) cover of Xg given by Yg = {(ti, ... ,tM,y) \ 
yCn _ pj^ where 

M N 

(1.3) p= n (^-%)- c(AiA) nn^-^) c(Aj ^ (o)) n c*.-**)- ^™. 

l<i<j<N o=l j=l l<a<6<M 

The group /ic K C C*, of (Cfc)th roots of unity, acts on Yg. Let E be the subset of the 
symmetric group on M letters given by 

Z = {aeS M \P(a(a))=P(a)}. 

Our "evenness" assumption (jl.2p ensures that G = E x /i<7 K acts on Y"^ by the rule 

(<x,c)(ti, . . .,t M ,y) = (Vi(i), • • -,ta-i(M),cy) 

Define the character % : G — >■ C* by 

X(o-,c) = c -1 e(er), 

where e is the sign character. 

By equivariant resolution of singularities, the action of G on Yg extends to a suitable smooth 
compactification Yg. In [9J (for g = sl-z) and subsequently in [2] (for arbitrary g) a natural 
inclusion (which by [TDJ preserves connections) 



1.4) Vl(X(z)) H M -0(Y-, 



was constructed. Recall that H M,0 (Yg, C) injects into H M (Yg, C) and is independent of the 
compactification. The construction in [2], shows that the image of (11 ,4p is in H M '°(Yg, C) x 
(this was noted before for g = in [9j). This uses the fact that the relevant correlations 
functions (see Section 12. 5p are symmetric in variables t a and tb if /3(a) = 0(b) (the sign 
character is because differentials dt a and dtb skew commute in the exterior algebra of forms). 

Theorem 1.1. The inclusion 



1-5) Vl x (X(z))^(H M '°(Y g X)y 



is an isomorphism for g classical and G2- 

Theorem 11.11 for g = sl(2) is due to Looijenga [8] and Varchenko (unpublished). 
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Remark 1.2. If H is the weight M-part of the cohomology group H M (Y?, C) then H carries 
an action o/£ x fi CK (using functoriality of mixed Hodge structures) . The group on the right 
hand side of (JTSD is (H Mfi )*. 

Question 1.3. Is there a generalization of Theorem (II. 5p in higher genus (consistent with 
connections)? See [3], Chapter 6, Section 19.9 for a related statement. 

A few reductions can be made immediately. Consider an element u G (H M '°(Yg, C)) x . On 
Y?, u can be expressed as a differential form IZp*Q where p : Yg — > X? is the covering map. 
Furthermore Q is of the form 

Q = Q(ti, . . . , t M )dtidt 2 ■ ■ ■ dt M 

where Q is symmetric under the action of S. These properties follow immediately from the 
invariance conditions. The main body of the proof is broken up into two steps: 

1.0.1. The first step. With Q as above, using the symmetry of Q under the action of E and 
the fact that u = IZp*Q extends to (any) compactification of Yg (or equivalently that TZVt 
is square integrable) we will show that Q is a log-form on Xg (the notion of a log-form is 
reviewed in Section (3D- A part of this argument is done case by case (for classical Lie algebras 
and G 2 ). 

1.0. 2. The second step. We will use results in [TQl El U\ to conclude the argument. From 
suitable log-forms, [10] construct elements in duals of tensor products of Verma modules (of 
the corresponding Lie algebra "without Serre relations"). We show that these elements lie in 
the space of conformal blocks thereby showing the surjectivity of (11.51) . This step again uses 
the square integrability of HQ and generalizes a similar statement in the works of Looijenga 
and Varchenko. 

2. Conformal blocks 
The affine Lie algebra g is defined to be 

= fl®C((O)eCc 

where c is an element in the center of g and the Lie algebra structure is defined by 

[X ® /(e), Y ® <?(£)] = [X, Y] ® /(£)«?(£) + c(X, Y) Re H=0 {gdf) 

where f,ge C((0) and X, Y e g. 
Let 

X(n) = X (8) C, X = X(0) = X ® 1, X eg,neZ. 

2.1. Representation theory of affine Lie-algebras. Recall that finite dimensional irre- 
ducible representations of q are parameterized by the set of dominant integral weights P + 
considered a subset of h*. To A G P+, the corresponding irreducible representation V\ contains 
a non-zero vector v G V\ (the highest weight vector) such that 

Hv = X(H)v, H G () 
X a v = 0, X a G g a ,Va G A + . 
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We will fix a level k in the sequel. Let Pk denote the set of dominant integral weights of 
level k. More precisely 

P k = {A G P + | (A,0) < k} 

where 9 is the highest (longest positive) root. 

For each A G Pk there is a corresponding integrable irreducible representation TL\ D V\ of 
(see [2] for more details). The representation 1-L\ when A = (still at level A;) is called the 
vacuum representation at level k. 

2.2. Conformal blocks. We will work with conformal blocks on marked curves in 9JIo,at 
(that is, smooth curves of genus with N marked points). But we will state the definitions 
in greater generality. 

To define conformal blocks we will fix a stable N pointed curve with formal coordinates 
X = (C;Px,...,p N ,rji,...,ri N ) with rji : O c ,p t C[[&]], i = l,...,N, and choose A = 
(Ai, . . . , Xn) G Pf? . There are a number of definitions relevant to the situation: Let 

N 

07v = 00®cC((&))©Cc. 

i=l 

be the Lie algebra with c a central element and the Lie bracket given by 

N N N N 

Xi ® fa ^Yi® gi \ = Y^i x h Yi\ <8 Ugi + cJ2i x h Yi) Res Pi (gidfi). 

i=l i=l i=l i=l 

Let 

(2.1) (X) = ® c T(C -{Pi,..., P N }, O) ^ g N . 

Let A be as above. Set 

H x = H Xl ®...®H Ajv . 
For a given j and / G C((£i)), define p«(X £g> /) an endomorphism of "H^ by 
Pi(X (8) /)|<Ui) ® . . . ® |wjv) = g) ... (8) (X (8) />;)) (8 ... <8 |vjv> 

where G "Haj for each i. 

We can now define the action of g^v o n W? by 

N 

(X 1 (8 ft,... ,X N (8 /at)K) (8 ... (8 K) = ^ Pi(Xi (8 ® ■ ■ ■ ® |vjv>- 

Definition 2.1. Define the space of conformal blocks 

V^(X) = Hom c (H x / (X)H x ,C) 

Define the set of dual conformal blocks, V^(X) = "H^/ 'g(X)'H^. These are both finite dimen- 
sional C-vector spaces which can defined on families (and commute with base change) [16]. 

Following Dirac's bra-ket conventions, elements of VJ(3£) (or T-Lt) are frequently denoted 

A A 

by (\&| and those of V^(X) (or of Ti^) by |<3>) and the pairing by (^|$). 
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2.3. Propagation of vacua. Add a new point Pn+i together with the vacuum representa- 
tion Vq of level k, at Pn+i- Also fix a formal neighborhood at Pn+i- We therefore have a new 
pointed curve X', and an extended A' = (Ai, . . . , Ajv, Xn+i = 0). The propagation of vacuum 
gives an isomorphism 

with the key formula 

(§|(|$)<g)|0)) = ($|$). 

2.4. Correlation functions. Suppose X G W1 9 ,n- Let (^| G Vl(X), Qi, ■ ■ ■ ,Qm G C — 

{Pi, . . . , Pv}, |$) G Hx, Qi, ■ ■ ■ , Qai G C - {Pi, . . . , Pv}, Qi ^ Qj,i < j and corresponding 
elements X±, . . . , Xm G g. There is a very important differential called a correlation function 

M 

ft = mx 1 {Q 1 )x 2 {Q 2 ) . ..X M (Q M )\$) e(g)n^, 

i=l 

Here ft^ is the vector bundle of holomorphic one-forms on C . One way to define ft is 
via propagation by vacua: add points Qi, . . . Qm with formal coordinates ipi, . . . , ipM and 
consider the elements X a {— 1)|0) in the vacuum representation at those points. Then 

ft = (§|Xi(-l)|0) ® X 2 (-1)|0) . . .X M (-1)|0) ® |$>#! . . . dip M . 

2.5. The extension theorem. We will henceforth consider the case C = P 1 , with a chosen 
oo and a coordinate z on A 1 = P 1 — {oo}. Consider distinct points Pi, ... , P/v G A 1 C P 1 
with z-coordinates zi,...,zn respectively. The standard coordinate z endows each Pj with a 
formal coordinate. Let X be the resulting Appointed curve with formal coordinates. 

Definition 2.2. For every positive root 5, make a choice of a non-zero element f$ in q^$. 

Assume that we are given Ai, . . . , Ajy G P^, such that ji = Yli=i * s m the root lattice. 
Write fi = Yl n p a pi where a p are the simple positive roots. It is easy to see that each n p is 
non-negative (for example, by evaluating both sides on H a ). 

Let | A) = | Ai) <g) . . .<g) | Ajv) be the product of the corresponding highest weight vectors. Now 
consider and fix a map f3 : [M] = {1, . . . , M } — > R, so that fi = Xla=i /^( a ) w hh M = n p . 

From the introduction, recall the variety Xg its cover Yg, its compactification Yg and the 
master function TZ on Yg. The main result from [2] is the following: 

Introduce variables ti, . . . , tu considered points on P 1 — {oo, P 1; . . . , P N } Consider, for every 
G Vi(X), the correlation function ( see Remark 5.2) 

(2.2) n = n p ({*\) = {Mfm^i)f m {h) . . . f m) {t M )\\). 

Theorem 2.3. [2] 

(1) The multi-valued meromorphic form 7ZQ on Xg is square integrable. 

(2) The differential form p*(lZtt) extends to an everywhere regular, single valued, differ- 
ential form of the top order on any smooth and projective compactification Yg D Yg. 

(3) The resulting map 

(2.3) Vl(X(z)) m> H M,0 (Yg, C) C H M (Yg, C) 
is injective. 
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Note that by [lOj . the map vUdi(z)) H°(Yz,C) is fiat for connections as z varies in the 
configuration space of N distinct points on P 1 (with the KZ connection on V~(£(z)) and the 

A 

Gauss-Manin connection on H°(Yg,C)). 

3. A REVIEW OF LOGARITHMIC FORMS 

For a smooth algebraic variety X of dimension M, there is complex fl* (X) of logarithmic 
forms on X. Let j : X — > X be a smooth compactification of X such that the complement 
D is a divisor with normal crossings. A regular differential u G H (X, fix) * s sa, id ^o ^e 
logarithmic if it lies in H°(X, f2^(log D)), this property does not depend upon the chosen 
compactification (see below). Recall that the complex fl^(logD) is the smallest subcomplex 
of j*fl x which contains fl^, is stable under exterior products, and such that df j f is a local 
section of f2-L(logD) on an open subset U whenever / is meromorphic (algebraic) function 
on X which is regular on X R U. 

Locally near a point of D where D is given by z\Zi . . . z^ = and Zi,...,Zm local coordinates 
on X, an element of fl^(\ogD) is a linear combination 

^2 fidr/h A • • • A drj ik 
i 

where the sum is over subsets I = {z'i < • • • < i m } of {1,...,M} of cardinality M and 
r)i = dzij Zi if i < k and dZi if % > k, and fj is a holomorphic function. 
We will list some facts 

(1) f2^(log.D) is a locally free sheaf on X. 

(2) Log forms are suitably functorial: If / : (X, D') — > (X, D) is a map of pairs as above, 
then there is an induced map fi^(log-D)) — > f*fl—,(logD') and hence on the global 

-A JC 

sections, 

H°(X,fl^(logD)) H°(X , ,fl™,(logD')) 

(3) Elements of H°(X, O^(logD)) are enclosed for any m. The resulting map 

(3.1) H°(X,a%QDgD)) i/ m (X,C) 

is injective (corollaire 3.2.14 in [6]). 

(4) By [6], H m (X,C) has a mixed Hodge structure. The image of (13.11) equals the m-th 
part ("the smallest") of the Hodge filtration on H m (X,C)- 

(5) The space of log-forms fl* (X) on X as a subspace of H°(X, fl x )^ s defined, i.e., 
does not depend upon compactifications. 

3.1. Complements of hyperplane arrangements. We will restrict now to the case of 
X = A M — S where S = U^Hi is a hyperplane arrangement, where Hi C A M is given by 
linear equation /, = 0. 

Lemma 3.1. The space of log forms on X is the DG algebra over C inside the space of 
meromorphic differentials generated by the forms df\/fi. 
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Proof. Log forms of any degree embed in cohomology, so it suffices to show that the DG 
algebra over C inside the space of meromorphic differentials generated by the log forms dfi/fi 
maps surjectively into H*(X,C). This is proved in [5]. □ 

Restrict further to X = X? from the introduction. In a natural manner X C (P 1 ) M . The 
complement (P 1 )*' 1 — X is not a divisor with normal crossings, but is locally "arrangementlike". 

Suppose fl G H°(X,Q X ) is regular along the divisors t a = oo. The following gives a 
criterion to decide if is a log form. 

Consider the following types of strata S C (P 1 )* 1 : 

(51) A certain subset of the t's come together (to an arbitrary moving point). That is 
t\ = t2 = ■ ■ ■ = th after renumbering (possibly changing 0). 

(52) A certain subset of the t's come together to one of the z's. That is t\ — ti — ■ ■ ■ — 
ti = z\ after renumbering (possibly changing /3). 

See Section 10.8 in [17], and [12] for the proof of the following proposition. 

Proposition 3.2. To show that Q is a log-form, it suffices to show that the logarithmic order 
of Q along each stratum of type (SI), (S2) is > 0. 

3.2. A basis for the space of log-forms. A marked partition of [M] into A-parts is a 
pair (n,k), where k = (ki, . . . , fcjv) is a sequence of integers such that ^2 i=1 ki = M, and 
7T = (71"!, . . . , n N ) is a sequence of N maps, with iij : [kj] — > [M] such that 

(1) Each 7Tj is injective. 

(2) [M] is the disjoint union of the images of 7ij. 

To such a marked partition of [M], we assign the differential 

(3.2) fi(7?, k) = 77x772 . . . 77tv^i A ■ ■ ■ A dt M 

where 

1 

(^■(1) - ^(2)) (^(2) - ^(3)) • • • (Ujikj) ~ Zj) 

Lemma 3.3. The set of forms {Q(7r,k)}, where (n, k) ranges over all marked partitions of 
[M] with N -parts is a basis for the space (Xg) of top degree log forms on X . 

Proof. They are linearly independent, because if given a linear dependence relation, we can 
successively take residues along divisors t a = Zj. A term Q(n, k) survives this residue if and 
only if a = 7Tj(kj). 

They span (cf. [ID]): Consider a non-zero product of log forms 77 of the form dlog(t a — t^) 
and dlog(t a — Zj). Form a graph with M + N vertices: the variables "t a and z&" , edges: join 
t a to t b if there is a term dlog(t a — t b ) in 77 (similarly join t a to Zj if there is a dlog(t a — Zj)). 
It is easy to see that this graph has no cycles, and is hence a forest. We would like it to be a 
"set of rays" one for each zf. one can write 77 as a sum of such using Lemmas 7.4.3 and 7.4.4 
in [TO]. □ 

3.3. Log forms stable under symmetries. Suppose we have /3 as in the introduction. The 
group Sm from the introduction acts on the space of log forms on Xg. We will restrict this 
action to E C Sm- 
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Let f2 1 J )f g (X^) <E ' i; denote the e-character subspace, under the action of £ on Q^ g (X^). Con- 
sider the set of pairs (5, k) where k = (k\, . . . , /c^) with J2iLi ki = M and 5 = (Si, . . . , 5n) 
with Sj : {1, . . . , kj} — > {1, . . . , r} (not necessarily injective). Denote the set of (S, k) by B. 

For a element (S, k) G B define a differential 

8(5, k) = ^Q(7f,fc) 

TT 

where the sum is over all ir such that (7?, k) is a marked partition of [M] with iV parts and 
with the constraint that P(iTj(£)) is the simple root 0.5^1) for all I. 

Lemma 3.4. The elements 8(5, k) for (5, k) G B form a basis of (X?) 6 ^. 



4. From log forms to representation theory, first steps 

Suppose R is the set of simple positive roots of g, r — \R\ and t\, . . . ,e r and fi, . . . , f r 
be the corresponding elements in g. Define a new Lie algebra: g' is the Lie algebra with 
generators e[, . . . ,e' r , f[, . . . , f' r and h G f) subject to the relations 

[h, e[] = a % (h)e\, [h, ft = -a^h)^, [h, h'\ = 
for all 1 < i, j < r; h, h' G h. Let na = 2j^ 2 l. Consider elements 

— u — 1 1 > ij {on,on) 

% = ad(eO-^ +1 e;,^ = ad(^)-^ +1 /; 
There is a natural surjection g' — > g. Write 

Let u (resp. u~) be the ideal of t) (resp. p) generated by 8^ (resp. 8~-). Then n = t)/u, and 
n~ = p/u _ (see [TT]). 

For a dominant integral weight A, let M(A) be the corresponding Verma module for the 
finite dimensional lie algebra g with highest weight |A). The corresponding Verma module 
for g' will be denoted by M'(X). It is known that M(A) is a naturally isomorphic as an 
n © f) module to the enveloping algebra U(n~) (similarly, an isomorphism of p © h-modules 
M'(\) = U(i)). We note that U(i) is a free C algebra generated by , f' r . 

There is a surjection M' (A) — > M(\), induced from the surjection U(i) — > U(n~). See [TT] 
for the proof of the following proposition. 

Proposition 4.1. (1) The kernel of M'(X) — > M(X) is spanned by elements of the form 

(2) The kernel K(X) of the natural surjection M (A) — > V(X) whose kernel is generated as 
a g-module by the elements 

/, t=r=;y |A>,< = l,... > r. 
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Observe that for all j (including j = i) 

e j f i (Qi - Qi) |A) = e M(A). 

For j 7^ z, this is clear because then commutes with /j. For j = i, the computation 
reduces to the case of 5I2. In this case one notes that if h\X) = m\X), then e/ m+1 |A) = 

(-m + (-m + 2) H h (m - 2) + m)\X) = 0. 

Proposition 14.11 implies that -K"(A) is spanned as a complex vector space by the elements of 
the form (where i, k and ii, . . . , i k are arbitrary): 

4... /a ( — } ia>. 

Writing i^'(A) for the kernel of U(p) = M'(A) ->■ V(A), we see that it is a left W(p) module 
spanned (as a C vector space) by elements of the form 



(4.1) 4---4/'! +ra |A), i = l 



, . . . , 



r. 



4.1. Duals. Let M{ A)* denote the vector space dual of M( A). This is canonically a jj-module 
(we will not modify the natural g-structure). Note that if /i is a weight, there is a natural 
identification (similarly for g') 

(M(A)*)_ M ^> (M(A) M )* 

(an element of (M(A)*)_ At acts by zero on all elements M{X) V for v ^ fi, and for the reverse 
there is a natural direct sum M(A) = ©M(A)„). 

4.2. Tensor products. We now place ourselves in the setting of the introduction: Ai,...,Ajv 
are dominant integral weights, and Yl^!LiP( a ) = Yl ^» = = Z 1 - ^ = ^(Ai) g 
M(A 2 ) g . . . g M(Ajy) and V = V(Xi) g V(A 2 ) g . . . g V(Ajv). Similarly let M' = M'(Ai) g 
M'(A 2 ) g • • • g M'(Aat)- There is a natural f)-equivariant surjection M' — > M. Note that 

(M')o has a basis indexed by B (defined in Section [373]) : to the data (5,k) associate the 
element |u>i) g \w 2 ) . . . g |itfjv) where 

ki> = 4( 1 )®...®4 ( * J ,|A i )GM'(A). 

There is a natural isomorphism due to Schechtman-Varchenko [10] (which coincides with 
equation (12.21) . see Remark [6. 2ft : 

(4.2) Q p : (M'Yo -+ O&W' 55 , 
given by the formula 

(4.3) n^l) = E<*H Afi (' ? ^) 

(7f,fc) 

where 

K> = //8(itj(i)) ® • • • ® e M'(A), 

|ilf) = |i«x) g 1^2) ■ ■ ■ g |«Jjv) and ^(7?, k) is as in (13.21) . 
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Remark 4.2. In [10], Schechtman and Varchenko relate the Lie algebra homology of free 
Lie algebras and the cohomology (with local coefficients) of certain configuration spaces. The 
isomorphism (14. 2 p is a particular case of their work. 

Remark 4.3. One can see that VLp is an isomorphism as follows. M' Q and fl^ g (Xg) €,j: each 
have basis parameterized by B (see Section \3.3\) . The mapping sends the basis dual to the 
chosen basis of M' Q to the corresponding basis element of Q^ g (Xg) e,j: . 

5. The main theorems 
As stated in the introduction, our proof of Theorem 11.11 is broken into two parts. 

Theorem 5.1. Assume g is classical or G 2 . Suppose u G (H M '°(Yg, C)) x . On Yg, express u 
as a differential form TZp*Q where p : Yg — >■ Xg is the covering map. Then, Q is a log-form 
on Xg. 

From Theorem 15.11 and the Schechtman- Varchenko isomorphism H4.2[) we can write any 
u G {H M >°(Yg, C))* in the form 

u = nn((v\) 

for some (\&| G (M')q. Therefore Theorem 11.11 will follow from the following: 

Theorem 5.2. Suppose (&\ G (M')q is such that IZfl((^\) is square integrable. Then 
lies in the subspace Vl(X(z)) C (V Xl <8> ■ ■ ■ <8> V Xn )* C {M' q )* . 

We will prove Theorem 15.21 first, and return to the proof of Theorem 15. II in Section [BJ 



6. Proof of Theorem 15.21 

Suppose, 

(1) \v) = \vi) ® . . . (g) \v N ) where each \vi) G M'(Aj), 

(2) I:AC [M] q' with X a G j:. 

(3) (*| G (M'*) , 

Definition 6.1. Define (&\ Y[ a eAXa(ta)\v) = ($\w(t, z)) \\ aeM dt a > with variables taken in 
ascending order in YlaeA d^a and \w(t, z)) G M'(Ai) £g> . . . £g> M'(Ayv) is given by the formula 

N 

(6.i) Ht,z))=j2H((H x M\ v ^ 

part i=l adli 

with 

((x yi ( Ul )x J2 (u 2 ) . . .x 7 » 4 » = 7 v — ^ — ( ^ ■ • - x >*» e 

^— ' [Ul - U 2 ){U 2 -U 3 )... (U q ~ Zi) 

perm v ' v / \ * / 

and where Ylpart stands for the summation over all partitions of A into N disjoint parts 
A = Ii U i~2 U • • • U In and ^2 perm the summation over all permutations of the elements of 
{!,...,<?}. 
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Remark 6.2. It is known that in the genus situation, conformal blocks embed in the g- 
invariants in the dual of the tensor product (<8)V> f )* (see |16j . Proposition 6.1). Suppose in 
the setting of Section^ (^>\ £ Vl{X{z)) C (M)q. In swc/i a setting we have two definitions of 

Wftl){tl)f m {t2)...ffl{M){tM)\>) 

The two definitions are (1) as above, and (2) as a correlation function (see (12. 2p ). These 
coincide, for a proof see Proposition 8.5 in [2]. 
We also note that 

fyCM) = {W m (h)f m (t 2 )...f m) {t M )\\) 

(compare equation (14. 3 p with the above definition) 

6.1. Residue formulas. We examine the Poincare residues of ^((^l) to prove Theorem l5.2l 
If Q is a meromorphic M-form on an algebraic variety Y which presents at most simple poles 
along a smooth divisor D, define Res^i Q , a meromorphic M — 1-form on D by setting (where 
/ is a local defining equation for D) 

n = n' a ^ 

Res D Q = n'\D. 

The locus t a = tf, in C A will be parameterized by C A ' where A' = A — {a} assuming b < a 
("keep the smaller variable"). The locus t a = Zj, or t a = (or t a = oo in (P 1 )" 4 ) will be 
parameterized by C A (or (P 1 )" 4 ) where A' = A — {a}. 

(1) 

is symmetric in t a and ^ (up-to sign) if X a = X b . 

(2) The residue of 

oGA 

along t a = U with 6 < a is a similar function (up to sign) 

(*\nx>(tc)\v) 

cGA' 

with A' = A - {a} and X£ = [X a , X b ] (and = X c for c ^ {a, 6}). 

(3) The residue of 

(V\l[X a (t a )\v) 
along t a = Zj is a similar function (up to sign) 

n ^c(^)i^) 

cGA' 

with A' = A — {a} and X' c = X c , Vc £ A' and |t>.) = \vi) for 2 7^ j and |?;'-) = X |uj). 
These formulas are consistent with the theory of correlation functions (see Remark 16. 2|) . 
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6.2. Square integrability. Suppose G (M')q is such that TZQ((fy\) is square integrable. 
The first observation is that Q is regular at the generic point of each of the divisors t a = oo. 
This is because the order of 1Z along the divisor t a = oo is negative (= — ((3(a), (3(a))/ k), 
therefore the logarithmic order of Q along this stratum is > 1 which implies that Q is regular 
along the divisors t a = oo. 

Now we begin to probe the square integrability assumptions along deeper strata. For 
simplicity, back in the original situation assume that (3(2) = (3(3) = ■ ■ ■ = f3(—n^ + 2) = «j 
and (3(1) = <x,-. 

By Lemma [8.11 we know that ReS( 2=tl Res^^ . . . Res t _ n _ +2=tl Q = 0. This implies that 



(6-2) (*|ad(/;)^ +1 (4)(^) J] f m {t a )\X) = 

a>—n,ij+2 

6.3. Proof of Theorem 15. 2L Part I. Under the square integrability hypothesis we first 
prove (#| G (M )* C (M' Q )*. 

The above formulas (formula (16.21) and Section IBTTj) shows that vanishes on any tensor 
\wi) ® . . . ® \wn) where some \w a ) is of the form 

4 •■•4 ad(/;r« +1 (4)...4 +i ...4|A ) 

(we need consider only the case \wi) <S> ■ ■ ■ <8> \ wn) G M , and we can use the description of 
M, M' in terms of universal enveloping algebras, see Proposition 14. ip 

6.4. Proof of Theorem 15.21 Part II. Under the square integrability hypothesis we prove 
($| e y* C (M )*. 

We establish a preliminary statement. Let n = for simplicity, back in the original 

situation assume that (3(1) = (3(2) = ■ ■ ■ = (3(n + 1) = a«. 

By Lemma [H7TI we know that Res 4l=Zj . Res t2=Zj . . . Res tn+1=Zj Q = 0. The rest of the argu- 
ment is as in Part I (see Expression (14. ip ). 

6.5. Proof of Theorem 15. 2L Part III. Under the square integrability assumption G 
(V*) s C V*: 

We will now show that fi($?\ = for all simple roots ccj. To show this let (3(1) = oli. 
Residuate t 2 , . . . , tu at z±, ■ ■ ■ , £jv (in all possible ways). One gets a differential form in 
t\ alone. The sum of its residues is zero (non-zero residues are possible only at z±, . . . , z m ). 
This yields /<<*| = 0. 

It follows that (\I>| G (V*) d (To show that = for all i, we reduce to the case of sl(2). 
It is then easy to see that the elements e m (\l/| generate a g-submodule of (V*)o, all of whose 
weights are non-negative, the symmetry of weights forces these weights to be zero and hence 
e(*| = 0). 

6.6. Proof of Theorem ES Part IV. It is known that (*| G (V*) s lies in VUX) if and 
only if 

(V\T k+1 \v} = 0, V \v) G V Xl (g) ■ ■ • ® V Xn 

where 

T : V Xl ® ■ ■ • ® V Xn -> V Xl (8) • ■ ■ ® U AiV 
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is given by the formula is the operator £) i=1 Zifg with fg acting on the ith position of a 
tensor product, see [HE] (note that it is immaterial whether we choose fg or eg.) 

Suppose G (F*) 9 is such that 1ZQ is square integrable. We will now show that (\&| is 
actually in W(3t). Our task therefore, considering the previous paragraph, is to show that 
for any maps 5j : [lj] — > [r] for j — 1, . . . , N, defining 

(6-3) l«i> = 4(i,...®/i(*,)|Ai>GVx, 

one has 

(6.4) (^|T fc+1 |t;!) ® |u 2 > ® . . . ® | Ujv ) = 

we note that (16. 4p is zero unless 

N lj N 

£E^) = E A ;-( fc+1 )0- 

j=l 1=1 j=l 

We will therefore assume that ^2 Xi — (k + 1)8 is a sum of simple positive roots. 

By residuation (if possible i.e. if \ ~~ (k + 1)0 is or a sum of positive simple roots) 
arrive at a correlation function 

aeA 

(1) X\ = X2 = ■ ■ ■ = Xk+i = fe where 9 is the highest root in q, and Xj is in the weight 
space corresponding to negatives of simple roots for j > k + 1). 

(2) I A) = |Ai) ® |A 2 ) ® • • • <g) |Ajv) where |Aj) G Vj is the highest weight vector. 
We claim that 

(*in*«(*.)i*> 

aeA 

has no poles when t a = tf, for a, b G + l],a ^ 6 and vanishes when ii = • • • = t^+i = 00. 
Let {t a : a G B} be the set of variables which residuate to t±, . . . , t^+i- 

The first part follows from [fg, f s ] = (so the residue at t a = t b is zero). To prove the second 
part assume that (^\ Y\ a( z A X a {t a )\v) does not vanish on the stratum t x = ■ ■ ■ = t k+1 = 00. 
Then by Lemma [7.61 the logarithmic order of Q on the stratum tb = 00, V6 G B is < k + 1 . 

The logarithmic order of TZQ is, on this stratum, (look at calculations at infinity, m = k + 1, 
see formulas from [2] on stratum (S3)) 

m 2 2m(g* — 1) 

< m 

k 2k 

which is — times k — m — (g* — 1) = 0, a contradiction to square integrability. (See [2]: 
equation (6.4), and the proof (there) of Lemma 6.1). 
Now residuate the variables tj , j > k + 1 in 

<*in*att.)ix> 

a£A 

to arrive at a correlation function 

n'(t 1 ,...,t k+1 ) = (v\l[x a (t a )\v) 

aeA 
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where A = {1, . . . , k + 1} and X a = fg for all a G A and \v) = \vi) <g) |t>2) <8> . . . <S> |f at) 
where G is as in ( 16. 3p . It is easy to see this new correlation function vanishes when 
ti — t 2 — ■ • ■ = tk+i = oo (this requires a small argument in the style of Lemma ll8.ip .We 
will now show that the desired vanishing ( 16. 4p holds. 

Note that fl'(ti, . . . , tk+i) is a differential form with singularities only at t a = Zi and vanishes 
at ti = ■ ■ ■ = tk + i = oo. The sum of residues in t\ of the meromorphic form t\Q,(t\, . . . , ifc+i) 
is zero. Its singularities are in the set {z±, . . . , z^, oo}. Let Ui = j- to facilitate computations 
at infinity. Write Q'(ti, . . . , tk+i) — f(ti, ■ ■ ■ , tk+i)du\ A du 2 A • • ■ A duk+i- We obtain 

N 

f(t 1 , t 2 , ■ ■ ■ , t k , oo) = — ^ Res tfc+1= g. . . . , tfc+i) 

t=l 

and iterating this, we obtain 

fc+l N 

= /(oo, oo, . . . , oo) = (-l) fc+1 Yl ( ^ Res ta=Zt )t x t 2 ■ ■ ■ h^Q'ih, t k+1 ) 

a=l i=l 

which immediately implies the desired equality (16. 4p . 

7. Lowest degree terms and logarithmic degrees along various strata 

Let Q(t±, . . . , tia) be a rational function in ti,...,tM with poles only along the diagonals 
of the form t a = tf, and t a = Zj, with j = 1, . . . , N (with M arbitrary in this section) and let 
S be the stratum t\ — t 2 — ■ ■ • — t^. 

We multiply Q by an factor V = rii<a<6<L(^a — tb) na ' b , to get a polynomial Q which is 
holomorphic (generically) on S, where n a ^ > 0. Let u a = t a — 1± for 1 < a < L. We expand 
Q as power series with coefficients in the function field K(S) of S. 

Q=22 9d{u 2 , ■ ■ ■ ,u L ). 

d~>do 

Note that we made a choice of a variable t\ from the set {ti, . . . , t^,}. Here is a homo- 
geneous polynomial in the u' a s with coefficients in K(S) with total degree d and do is the 
smallest number such that ga ^ 0. Thus we can rewrite Q as follows 

(7-1) Q = — ^2g d (u 2 ,--- ,u L ). 

d>d$ 

Definition 7.1. We refer to 9d ^ U2 ^ ,UL ^ as the lowest degree term of Q and do — deg('P) as 
the degree of Q on the stratum S . We also refer to V as a correction factor of Q on the 
stratum S . 

Remark 7.2. Suppose S is the stratum t\ = • • • = — Z\. We can repeat the above 
definitions of degree, lowest degree term and correction factors: We multiply Q by V = 
n.i<a<b<L^a ~ h) n °- h Yli< a <L^a ~ z i)"° t° get a function Q holomorphic on the generic point 
of S. We then expand Q in powers oft± — Z\, t 2 — z\, t% — z±, . . . , tL — z\. 
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7.1. Some remarks on the lowest degree term. Let K = C((t)), and let a : C((£i)) — > K 
be the isomorphism which takes t\ to t. Therefore hd(v,2, ■ ■ ■ , u n ) = agd(u 2 , ■ ■ ■ , u n ) is a 
polynomial in u 2 , . . . , u n with coefficients in K' = K(tL+i, ■ ■ ■ , £m)- Consider hd = gd(t 2 — 
ti, . . . , t n — ti). Therefore hd is a polynomial with coefficients in K' in t±, . . . , tj,. Note that 
do and hd may (a priori) depend upon the choice of the "initial variable" t±. 

Lemma 7.3. The lowest degree and the lowest degree terms have the following properties: 

(1) The lowest coefficient do, and the corresponding polynomial hd G K'[ti, . . . , ti\ are 
independent of the choice of the initial variable t\. 

(2) If Q is symmetric in ti,t2, then so is hd . 

(3) Suppose Q has no poles along ti = tj for i,j G {1,2, .. . ,L'} and vanishes on t\ = 
■ ■ ■ = ty, then so does hd (here L' < L). 

7.2. Logarithmic degree of meromorphic forms. Let Q be a top-degree meromorphic 
form on A M such that Q has poles only along the diagonals of the form t a = t^. Write 
^ = Q(ti, ■ ■ ■ ,tM)dt. Let m be the degree of Q on the stratum S : t± = ■ ■ ■ = ti- Then the 
logarithmic degree d s (Q) of Q along S equals m + L — 1. We will call the lowest degree term 
of Q on S also as the lowest degree term of Q on S. 

Lemma 7.4. Suppose fl has a simple pole along t\ = t 2 and that the lowest degree term offl 
is holomorphic along ti = t 2 . Then the following holds 

d s (n) < cF(Res fi), 

where S and S* are the strata t\ = t 2 = ■ ■ ■ = ti and t\ — ts — t± — ■ ■ ■ — ti respectively. 

We note the following lemmas. 

Lemma 7.5. Suppose fl has a simple pole along ti = t 2 which also appears as a pole of the 
lowest degree term. Then the following holds 

d s (Q) = d s *(Res fi), 

where S and S* are the stratum t\ — t 2 — ■ ■ ■ — and t± — — — ■ ■ ■ — respectively. 
Lemma 7.6. Suppose that Q has a simple pole along ti = t 2 (resp. t\ = Z\). Then, 

d s {Q) < d s *{Q*), 

where S is the stratum t\ — t 2 — ■ ■ ■ = ti (resp. t\ = t 2 = ■ ■ ■ = ti = z\), Q* is the 
form Res tl =t 2 ^ (resp. Res tl=Zl fl) and S* is the stratum t 2 = t 3 = t 4 = • • • = t L (resp. 
t 2 = ■ ■ ■ = t L = Z\). 

Let us study the holomorphicity of the lowest degree term of Q under residuation. The 
following lemma tells us that no new poles are created in the lowest degree term along any 
diagonal if we residuate along poles of the lowest degree term. 

Lemma 7.7. Suppose Q has a simple pole along t 2 = t 3 . Further assume that the lowest 
degree term of Q is holomorphic (generically) along ti = t 2 , ti = t 3 and has a pole along 
t 2 = t%. Then the lowest degree term of Res£ 3= t 2 Q is also holomorphic (generically) along 
ti = t 2 . 
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We end this section with a definition. 

Definition 7.8. Let J = (ji, j 2 , ■ ■ • ,jk) be an ordered subset of [M] and m be the minimum 
in J. Let K = ([M]\J) U {m}. We define Resffl to be a form on A K obtained from taking 
iterated residues of fl along t m = t a where a G J\{m} following the order of the set J {m} 
starting from the lowest. 



8. The first step 

Let fl be any M-form on Xg. 

Lemma 8.1. Suppose IZfl is square integrable. 

(1) If a ^ b G [M], then fl has at most a simple pole along t a = tb- 

(2) If ((3(a), (3(b)) > for a ^ b G [M], then fl does not have a pole along t a = U- 

(3) fl does not have a pole along t a = oo for any a G [M] . 

(4) fl has at most a simple pole at t a = Zi for any i. 

(5) Suppose (after possibly changing (3) that (3(1) = ■ ■ ■ = (3(m) = a and 

fl = Y[ m =i(ta — Zj)fl. Then fl vanishes at the generic point of t\ = ■ ■ ■ = t m = Zj if 

— (a, a) 

(6) Suppose (after possibly changing (3) that (3(1) = ■ ■ ■ = (3(m) = a, (3(m + 1) = a' , and 
^ = n^i(^a — tm+i)fl- Then fl vanishes at the generic point of t± — ■ ■ ■ — t m — t m+ i 



if m > 1 



(a, a) 



Proof. Consider the stratum t a = tb- The logarithmic degree of fl plus the quantity 
is positive. This immediately tells us that fl has a poles of order at most one along t a = tb, 
and if the poles of order 1 then ((3(a), (3(b)) < 0. This gives us part 1 and 2 of the lemma. 
The proof of (4) follows in the same way by considering the stratum t a = z^. 

Since the order of 71 along the divisor t a = oo is negative = — ((3(a), (3(a)) / k, therefore the 
logarithmic order of fl along this stratum is > 1 which implies that fl is regular along the 
divisor t a = oo. This proves (3). 

For (5) we consider the stratum S defined by t\ — ■ ■ ■ — t m — Zj. The logarithmic degree 
of IZfl is positive. Thus we get the following: 



d s (n) - j2 + jr ( Xj,/3 ( a ^ > o 



l<a<b<m. a=l 

d s {Q) _m(m-l) M +m (Xj^l > o 
2 k k 

If m > 1 + - ) then d s (fl) > which implies fl vanishes on the stratum S. The proof of 
(6) is similar to (5). □ 

Remark 8.2. To prove Theorem I5.il we use Proposition VJ.°A For fl as in the statement 
of Theorem I5.il and each stratum S of the form (SI) and (S2) we need to show that the 
logarithmic degree d s (fl) > 0. The square integrability assumption tells us that d s (lZfl) > 0. 
So one may hope that the degree of TZ on each stratum is non-positive. This is not the case. 
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Our argument uses the square-integrability information from a select set of strata to build 
a "profile" of Q (Theorem \8.3\) . and then use this to prove that the logarithmic degree of CI is 
non-negative on every stratum S . 

Assume now that q is classical or G 2 . We will prove the following property of the pole 
structure of Q. Let T = {1,2, ••■,£}. Consider an iterated residue 

Resftt = Res tt=tl Rest £ _ 1=tl . . . Res t3=fl Res t2=tl Q 

Theorem 8.3. Suppose TZQ is square-integrable. Assume that Res^f2 7^ 0. Then, 

(1) 0(1) + • • • + (3(£) is a positive root. 

(2) Res^fi a form in (ti,t£ +1 ,ti +2 , . . . ,t M ) has a simple pole along any of the sets t x = 
t p ,p > L 

(3) ReSjtf2 a form in (t 1; t^ +2 , . . . , £m) has a simple pole along any of the sets t\ = Zj 
for j = 1,...,N. 

The following can be proved using Theorem 18.31 and Lemma 118.61 

Proposition 8.4. Let Ji, . . . , I n be pairwise disjoint subsets of [M]. Let \Ij\ = mj. Assume 
that Res/ ■ ■ ■ Res/ Q ^ 0. Then, 

(1) H 0(j mj ) ls « positive root for j = 1, . . . , n. 

(2) The form Res/ • • - Res/ Q has at most simple poles along any of the sets t ni = t a 
where a G [M]\ Uj^i Ij an d along the sets tj 1 = Zi for j — 1, . . . , n and i — 1, . . . , N. 

Given Theorem 18.31 we will now prove Theorem 15.11 Let u = TZQ be as in the statement 
of this theorem. We need to show that the logarithmic degree of Q along any stratum of the 
form (SI) or (S2) is non-negative. Let a±, ■ ■ ■ , a n be a set positive simple roots of the Lie 
algebra g of rank n. Our proof will follow a sequence of residues. 

(1) We always take residues along poles of a suitable lowest degree term of a form for a 
given stratum. Then Lemma 17.51 tells us that the logarithmic degree does not change 
after taking residues. 

(2) The pole structure of ReSf 4= t 3 Res 42=4l Q as t 3 approaches some other variable can be 
controlled by the pole structure of Res t4=43 Q, where t±, t 2 , t 3 , t± are coordinates in 
A M . 

(3) If the lowest degree term of Q for a given stratum S defined by t\ = t 2 = ■ ■ ■ = t^ is 
holomorphic along ti = t a for a G {2, • • • , L}, then the lowest degree term of Res it=to Q 
for the new stratum S* remains holomorphic along t\ = t a , where S* is obtained by 
removing tb from the stratum S and a, b G {2, 3, • • • , M}. 

We break up the proof into several steps. Let S = Si be a stratum of the form t± — ■ ■ ■ — ti 
(a stratum of type (SI)). 

8.1. Step I. Let (3(1) = oti and assume that Q has a pole along ti = t 2 and (t± —t 2 ) does not 
divide the lowest degree term of Q for the stratum S. We take a residue along t\ = t 2 to get 
a form Res tl= t 2 Q and a new stratum S 2 defined by tx = t 3 = ■ ■ ■ = t^. Lemma [7.51 tells us 
d s (£l) = d S2 (Rest 1= t 2 ^)- By Theorem 18.31 we know that Res^^j £1 has at most simple poles 
as t± approaches the remaining variables t a for a = 3, . . . , L. 
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8.2. Step II. We continue taking residues with the new form Rest 2= f 1 f2 and the same variable 
ti along the stratum S 2 - The simplicity of the poles of along ti = t a where t a is any remaining 
variable is guaranteed by Theorem 18.31 When we cannot residuate further we get a form 
flk = Resffl and a stratum Sk, where T denotes the ordered set of variables that got together 
during the residuation process. The lowest degree term of Res^ Q for the stratum Sk does not 
have a pole along t\ = t a where a G [L}\T. Also Lemma [7.51 tells us d (Q) = d Sk (Resffl). 
Let 5, c G [L]\T, then the pole structure of Res^f2 along t b = t c is controlled by the poles 
structure of Q along i 6 = t c as in Theorem 18.31 

8.3. Step III. We repeat Step I, Step II to the form Cl k and the stratum Sk starting with a 
new variable. We keep taking residues along diagonals of the form t a = t b unless all variables 
of all colors are exhausted. At the end we get a form Q n and a stratum S n such that the 
lowest degree term of Q n for the stratum S n is holomorphic. Then by Lemma 17.51 we get 
d s (Q) = d s "(Q n ). Thus d s (Q) > 0. 

The proof that the logarithmic degree along any stratum of type (S2): t\ = ■ ■ ■ = t L = z\ 
is non-negative follows similarly. Note that we do not take residues along = z\. At the 
last step we will have set of surviving t variables. There are no poles in the lowest degree 
term when two of these variables are set together, and only (at most) a simple pole as one 
of them is set equal to z\ (Theorem 18 A\ (2)). The logarithmic degree is easily seen to be 
non-negative. 

8.4. Some reductions in Theorem l8.3l We will show that (3) of Theorem l8.3l is immediate 
from (1), (2) and some Lie algebra considerations. Consider the stratum S : ti = t 2 = 
■ ■ ■ = ti = Z\. Our square-integrability assumption implies that d s (TZQ) > 0, and d s (Q) < 
d s '(ResfQ,) (by Lemmas I7.4[ 17.50 with S' the stratum t\ = Z\. Let 7 = ^ a=1 /?(a). 

Now 

o<d s (nQ) = ^- y: ma \ m +d s m 

l<a<b<L 

Using (A, 7) < k (since 7 is a root and Ai is of level k) and Lemma 18.51 below, we see that 
from the above inequality, one gets 

K 

Therefore d s> (Res^ Q) > — 1 and this proves (3). 

Lemma 8.5. Let q be a simple complex Lie algebra, g* be the dual Coxeter number of g. 
Consider a positive root 7 = Y17=i ^* where Si are positive simple roots possibly repeated, then 
the following inequality holds: 

l<i<j<n 

Proof. This can be proved by a direct calculation. □ 

The following will be used to simplify verification of (1) and (2) in Theorem 18.31 Suppose 
Q' = Kesf Q is as in Theorem 18.31 and p > £. Let S be the stratum t\ = ■ ■ ■ = t% = t p . 

Proposition 8.6. (1) If d s (Q) > 0, or equivalently the degree ofQonSis> —i then Q' 
does not have a pole along t\ —t p . 
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(2) If d (fi) > ; or equivalently the degree of Q on S is > —£ then Q' has at most a 
simple pole along t% = t p . 

(3) If HQ is square integrable and (3(1) + • — h j3(£) + (3(p) is a positive root, then fl' has 
at most a simple pole along t\ = t p . 

Proof. Use the inequality d s (Q) < d s ' (Res f£l) (by Lemmas \7A\ I7.5P where S' is the stratum 
t\ = t p . This shows (1) and (2). 

For (3), we have d s (1lQ) > 0. Set p = £ + 1 and 

o < d s (nn) = d s (n) - £ {P{a), f {b)) < d s (n) + £ 

l<a<b<i+l 

So d s (Q) > ——, and hence d s (Q) > and we can use (2). □ 

Therefore, to prove Theorem I8.3[ we need to prove the following (under the assumption of 
square-integrability) 

Proposition 8.7. Assume (3(1) + • ■ ■ + (3(£) is a positive root and (3(1) + ■ • • + (3(£) + (3(p) is 
not a positive root. Then, Q' = Res ffl is regular along t\ = t p . 

The rest of the proof of Theorem 18.31 is case by case. We will use the Bourbaki notation 
for Lie algebras. 

9. Theorem EH for g = 5t(2),sl(3). 

The case q = sl(2) is immediate, because (by Lemma IHTL]) there are no poles at t a = t^ and 
at most a simple pole at t a = Zi. 

In this section we give a proof of Theorem 18.31 for q = sl(3). Let a±, 0:2 (the non-simple 
root is a>i + a 2 ) denote the positive simple roots. Suppose 0(1) = a± and (3(2) = a 2 . 

Proposition 9.1. The form Q' = Res f2= t 1 Q in t\, £3, . . . , tu, has no poles as t\ = t a for any 
a G {3,...,M}. 

Proof. Suppose (3(3) = a 2 . Then Q = (t\ — t 2 )(t\ — t 3 )Q is holomorphic at the generic point 
of ti = t 2 , and that of ti = t 3 (also t 2 = t 3 ); and vanishes at t\ = t 2 = t 3 by Lemma 18.11 

Therefore £1' = ^-z^) which is regular at t\ = t^. The proof when (3(3) = ol\ is similar. □ 

10. The case g = A n = sl(n + 1) 

In this section we prove Theorem [83] for g = si(n+l). We will follow the pattern of the case 
sl(3). The simple roots are a±, . . . , a n and the positive roots are of the form ati+a i+ i + - ■ -+aj, 
where i < j. We will have variables ti, . . . , t M colored by the simple roots a±, . . . , ot n . Suppose 
t\, . . . , ti have colors a±, . . . , ct£, for some £ < n. Then we want to prove the following: 

Proposition 10.1. The form 

Q' = Res^ =tl • • • Res t3=fl Res t2=tl Q 

has poles along ti = t p only if £ < n — 1 and (3(p) = a^ + \. (In this case the pole is simple by 
Proposition ^. 6\) . 

Proof. The proof is by induction on £, for £ = 1 (there is no residuation), the statement is 
just that Q has poles along t\ = t p only if the color of p is a 2 ((oci, a p ) — if p > 2). 
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10.1. The case 1 = 2. Let fl' = Rest 2= f 1 fl. The proof that fl' does not have a pole at t\ = t p 
if (3(p) G {«i,a 2 } is similar to the s((3) case. 

Let (3(p) 7^ {a\,a 2 ,a 3 }, then fl is holomorphic at the generic point of t\ = t p and also at 
the generic point of t 2 = t p . Thus by Lemma [18.1I £T cannot have a pole t\ = t p . 

10.2. The case £ = 3. Suppose f3(p) ^ {a 2 , 03,04}, using the inductive step we know that 
Res t2= i 1 fl has no poles as ti = t p and t 3 = t p . Hence by Lemma fl 8. 11 we get fl' is holomorphic 
along t 1 = t p . 

10.2.1. The case when j3(p) = a 2 . We will now show that fl' is holomorphic along t\ = t p if 
(3(p) = a 2 . Consider Q = (ti — t 2 )(t 2 — t 3 )(ti — t p )(t p — t 3 )fl(ti,t 2 ,t 3 ,t p ) which is regular at 
the generic point of ti = t 2 = t 3 = t p . Lemma IHTTl (6) tells us that fl(t, t, t 3 , t) and fl(ti,t, t, t) 
are both equal to zero. 

We consider fl(ti,t,t 3 ,t) which vanishes when t = ti and t = t 3 and is hence divisible by 
(t — ti)(t — t 3 ) (i.e. the quotient is holomorphic at the generic point of t = t\ = £3). For 
comfort, one may multiply by appropriate correction factors and view fl as a polynomial in 
the variables t{. At this point we view fl as a function (i.e. divide by dt\ . . . (Rm) 

Next, look at 

t 2 , t 3 , t p ) — £l(ti, 2 2 P ' 2 P ^ 

which vanishes at t 2 = t p and symmetric in t 2 , t p and is hence divisible by (t 2 — t p ) 2 . We may 
therefore write 

m, t 2 , t 3 , t p ) = ^ - tp)\A) - (h+h. - *!)(^±^ - t 3 )(B). 

The residue fl' = and by the previous equation, the numerator vanishes at t\ = t p 

to the second order. Thus fl' is holomorphic along t\ = t p . 

10.2.2. The case when (3(p) = a 3 . We will show that fl' does not have any poles as fi = t p 
if (3{p) = a 3 . Consider fl = {t 2 — t p )(t 2 — t 3 )(ti — t 2 )fl(ti, t 2 , t 3 , t p ). Lemma 18.11 implies 
Q(ti,t,t,t) = 0. Hence we can conclude that fl(ti, t 2 , t, t) is divisible by (t — t 2 ). Now as 
before we look at f f f f 

fl{ti, t 2 , t 3 , t p ) — D,(ti, t 2 , — 2~' — 2~~^ 
which vanishes at £3 = t p and is symmetric in t 3 and t p . Thus we can write 

n(ti, h, t 3 , t p ) = (t p - t 3 f{A) + (*>±** - t2 )(B). 

Thus fl' = 9^h^^pl j s holomorphic along ti = t p . 

10.3. The case of arbitrary £. By induction assume that the proposition is true for £ — 1. 
Let fl' be the iterated residue Res^ =il • • • Res t2=il fl. Lemma 118.11 ensures that whenever 

(3(p) 7^ {«(£_!), ai, a^ + i)} the form fl' is holomorphic along ti = t p . 

Consider the case when (3(p) = {a^_i),a^}. Using the same techniques as in the proof of 
the proposition for the case £ = 3 and (3(p) = {a 2 ,a 3 }, we can show that fl' is holomorphic 
along ti = t p . 

□ 
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The proof of Theorem 18.31 for q — sl(n + 1) is now complete. 

Remark 10.2. Our proof assumes that t\ is colored by the simple root ol\. The same 
argument works even if ti is colored by any a i; as long as all (subsequent) roots are to the 
"right" o/aij. Since this is the case required for our main argument, we will not write out the 
argument for the remaining cases. 

Remark 10.3. In every step of the proof of Proposition \10.1\ we were reduced to checking two 
key things. We only needed to guarantee that at any stage the iterated residue is holomorphic 
along a variable which has the color of the last two roots added. All other cases were handled 
by Lemma \18.1\ This reduction will also be used in the remaining cases. 

11. The case g = G 2 

The positive simple roots of G 2 are ci\ and a 2 . The other positive roots are «i + 0*2, 
2ai + a 2 , 3ai + a 2 and 3ai + 2a 2 . The normalized Cartan Killing form is given by (ai, ai) = |, 
(«i,a 2 ) = —1 and (a 2 ,a 2 ) = 2. 

One can form the "patterns" of positive roots starting from a±, where at each step, one 
adds a simple root so that the sum is again a positive root. The only possible such pattern 
is «!,«! + a 2 , 2«! + a 2 , 3«i + a 2 and 3«i + 2a 2 . 

Let (3(1) = a\. We will show Proposition 18.71 in this case. The cases i < 2 are easy and 
immediate. 

11.1. The case £ = 3. Assume (3(1) = «i, (3(2) = a 2 , (3(3) = a 2 and (3(p) = a 2 . Let 
= (ti - t 2 )(h - t p )(t 3 - t p )(t 3 - f 2 )a Clearly 

f _ Q(ti, ti, ti, t p ) 
(h-tpf 

Now Q is symmetric in t 2 and t p and vanishes at t 2 = t p = t\ or at t 2 = t p = t%. By the 
same argument as in Section 110.2.11 we can see that 

Q(t u t 2 , fs , t p ) = (t 2 - tpfA + (^±*e - - t 2 )B 

and this shows that one can pull a (t± — t p ) 2 out of Q(ti,ti,ti,t p ) as desired. 

11.2. The case £ = 4. In this case by our previous arguments, (3(1) = /3(3) = (3(4) = a\ 
and (3(2) = a 2 . Consider the form Q' = Res t4=tl Res 43=tl Res 42= < 1 Q. We will show that Q' is 
holomorphic along t\ = t p if (3(p) = ot\. 

We multiply fl by a correction factor V = (t± — t 2 )(t 3 — t 2 )(t^ — t 2 )(t p — t 2 ) for the stratum 
ti = t 2 = t% = t^ = t p and get a form Q. Lemma 18.11 tells us that Q vanishes on t\ — t 2 — 
H = = t p . Let w = tl+ts + t4+t p _ Now Q(t\, ■ ■ ■ ,ti, t p ) — Q(w, t 2 , w, w, w) is symmetric in ti, 
t3, ti, t p and vanishes on t\ — t 3 — ti — t p . 

By Lemma 115.11 we can rewrite Q(ti, . . . , t p ) as a sum of terms of the form (ti — tj) 2 ■ Ay 
and fl(w, t 2 , w, w, w), where i,j G {1, 3, 4,p}. Since (w — t 2 ) divides Q(w, t 2 , w, w, w), we get 
that (t\ — t p ) divides fl(ti,ti,ti,ti,t p ). Hence Q' has no poles as t\ = t p and (3(p) = a±. 

11.3. The case when £ = 5. Let (3(5) = a 2 . 
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11.3.1. The case when (3{p) = a\. The correction factor is V = (t p — t 2 )(t p — £5) (£4 — t 5 ) (t 3 — 
£5)^1 — £5) (£4 — t 2 )(t 3 — t 2 )(*i — ^2)^ for the stratum t\ = t 2 = £3 = £ 4 = £ 5 = t p . The form Q 
is symmetric in t±, £3, £ 4 , t p and in £ 2 , £5. Lemma [8. II tells us that Q vanishes along the partial 
diagonals of the form t± — £3 — £4 — t p — t 2 (4 of color oti and one of color a 2 ) and of the form 
£2 = £5 — ti ( 2 of color a> 2 and 1 of color a\). By Lemma [15.31 and Lemma [731 ^ nas degree 
at least 4 on the stratum S : t\ = ■ • • = £5 = t p . Therefore the logarithmic degree of Q on the 
stratum S is at least 4 — 8 + 5 > 0. Using Proposition 18. 6[ Q' is holomorphic along t\ = t p . 

11.3.2. The case when j3(p) = a 2 . We multiply Q by a correction factor V for the stratum 
S : ti = ■ ■ ■ = t 5 = t p of degree 9 to get a form Q. The form Q vanishes on partial diagonals 
of the form t 2 = t 5 = t\{ 2 of color a 2 and one of color a\). By Lemma [15.21 and Lemma [7.31 
the degree of Q on S is at least 5, and hence d s (Q) >5 — 9 + 5 = 1. Using Proposition 18. 6[ 
Q' is holomorphic along t\ = t p . 

12. The case g = B n 

The positive simple roots are a±, . . . , a n . The positive roots of B n are of the form at + 

a i+ i H h a n for 1 < i < n; + a i+1 H h a n ) + (atj + a j+ ± H h a n ) for 1 < i < j < n; 

cti + + ■ • • + ctj-i for 1 < i < j < n. The highest root is 9 = ct\ + 2a 2 + ■ ■ ■ + 20!^. 
The only possible "pattern" of positive roots starting at ai is a±, (a± + a 2 ), . . . , (ai + ■ • • + 
a n ), («i H h «( n -i) + 2a n ), ... : (a 1 + a 2 + 2a 3 H h 2a n ), («i + 2a 2 H h 2a n ). 

The normalized Cartan killing form is given by = 2 for 1 < i < n; (a n ,a n ) = 1; 

a i+ i) = for 1 < i < n and (a^, aj) — for j > % + 1. 

Let /3(1) = «i. We will now show Proposition 18.71 in this case. We divide the proof into 
several cases. When £ = 1, there are no residues and Lemma [8. II tells us that Q has at most 
simple poles t\ = t p if f3{p) = a 2 . 

12.1. The case £ < n. The proof in this case is similar to the proof of Proposition 110. ll 

12.2. The case n < £ < 2n — 2. Let (3{n + m) = «( n _ m+1 ) for m > 0. We prove the 
proposition in this case by induction on £. 

12.2.1. The initial step. When £ = n + 1 by Lemma [18.11 and Proposition 18.61 we only need 
to consider the case when (3(p) = a n . We multiply Q by a correction factor V of degree n + 1 
for the stratum t± — ■ ■ ■ — t( n +i) = t p to get form Q. By Lemma 18.11 the form Q vanishes 
along t( n _i) = t n = t( n+ i) = t p . This completes the proof in this case. 

12.2.2. The inductive step. Let £ = n + m and T = {1, 2, . . . , n + m}. Assume by induction 
and Proposition 18.61 that for m > 1, the meromorphic form Q" = Res^f2 has at most simple 
poles along ti = t p if (3{p) = a( n _ m ). We will show that the form Q' = R-eS( (n+m+1)= t 1 fl" is 
holomorphic along t 1 = t p if j3(p) 7^ a( n _ m _i). The proof is broken up in the following steps: 

Since Q" has poles along ti = t p if (3(p) = «( n _ m ). It is clear from Lemma 1 18. II that 
Q' is holomorphic at a generic point of h = t p if (3(p) ^ {a (ri _ m _i), «( n _ m) , a (n _ m+ i)}. By 
Proposition 18.61 we know that fl' has at most simple poles along t\ = t p if f3(p) = «( n _ m _i) 

Now consider the case when (3(p) = «( n „ m ). As before we multiply Q by a correction factor 
V of degree n + 3m + 3 for the stratum 5" defined by t\ = t 2 = ■ ■ • = t( re+m+1 ) = t p to get a 
new form Q. By Lemma 18.11 the form Q satisfies the same property as that of the function 
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/ in Lemma 116.31 By Lemma 17.31 we see that the degree of Q for the stratum S is at least 
2m + 3 and hence d s (Q) > 0. Using Proposition [876], the form Q' is holomorphic along t± = t p . 
The case when /3{p) = a(n- m +i) is similar and follows from Lemma [16.41 

12.3. The case £ = 2n — 1. Let /3(2n — 1) = a 2 . By Lemma 118. II we only need to check 
the cases when (3(p) = {ai, a 2 , a 3 }. The proof Q' = Res t{2n _ 1)=il . . . Res t2=il fl is holomorphic 
along t\ = t p in these cases follow similarly using Proposition 18.61 
The proof of Theorem 18.31 for g = B n is now complete. 

13. The case g = D n 

The positive simple roots of D n are ai, a 2 , ■ ■ ■ , a n . The positive roots of D n are of the form 
+ + - ■ -+(Xj-i for i < j < n; + + - ■ • + atj-i+2aj+2aj+i + - ■ ■ + 2a n _ 2 + a n _i + a n 
for i < j < n — 1; ai + cti + i + ■ • - + a n for i < n — 1; ai + ai + \ + - ■ ■ + a n - 2 + a n for i < n — 1 and 
a n . If we formally put a n = a( n -i) in the above expression of the positive roots we recover 
the positive roots of B( n _i). 

There are two possible "patterns" of positive roots starting at a±. The first pattern is 

ax, («i + OC 2 ), . . . , («! + « 2 H h «(n-2)), («1 H h «(n-2) + «(n-l)), («1 H h «(n-2) + 

«( n _i) + a n ),(«i + h a (n _ 3) + 2a (n „ 2 ) + «(n-i) + ot n ) . . . («i + a 2 + 2a 3 ■ ■ ■ + 2a (n _ 3) + 

2«( n _2) + «(n-l) + OL n ). 

The second pattern is same as the first except the positive root [a\ H — • + a( n „ 2 ) + «(n-i)) 
is replaced by the positive roots (a x + • • • + «( n _ 2 ) + a n ). 

Since D n is simply laced, the normalized Cartan killing form is given by (a*, a^) = 2 for 
1 < i < n; (oti, a.j) = for % + 1 < j except when i = n — 2 and j = n; (a n - 2 , a n ) — — 1; 
(aj, otj+i) = — 1 for i < n — 2 and (a n -i, «n) = 0. 

The proof of Theorem 18.31 for g = D n is same as the case B n . We only include the proof of 
Proposition 18.71 in the case g = D 4 . 

Let /3(1) = a\. When £ — 1, there is no residue and by Lemma [8.11 D has atmost simple 
poles at t\ = t p if f3{p) = a 2 . 

13.1. The case £ = 2. We consider D,' = Res i2=tl f2. By Proposition 18.61 the form fl' has at 
most simple poles along t\ = t p if f3(p) = {a 3 , a^}. We will show that Q' is holomorphic along 
t\ = t p if (3(p) = {ai, a 2 }. The proof in both these cases is similar to proof of Proposition llO.il 

13.2. The case £ = 3. We can assume that /3(3) = a 3 . We consider the form Q' = 
Rest 3= j 1 ReSf 2= t 1 Q. By Lemma 118.11 and Proposition 18.61 we only need to show that O' is 
holomorphic along t\ = t p if f3{p) = {a 2l a 3 }. The proof in this case also similar to the proof 
of Proposition 110.11 

13.3. The case £ = 4. Let /3(4) = a 4 . We consider the form £1' = Res t4=4l . . . Res t2=tl f2. By 
Lemma 118.11 and Proposition 18.61 we only need to show that Q' is holomorphic along t\ = t p 
if f3{p) = «4. 

13.3.1. The case f3(p) = a±. We multiply the form Q by a correction factor V = (t\ —t 2 )(t 2 — 
t3){t 2 — t^){t 2 — t p ) for the stratum S defined by t\ = t 2 = t$ = t± = t p to get a form Q. By 
Lemma [8.11 the form Q vanishes on t 2 = t^ = t p . Thus d s (Q) > 1 — 4 + 4. Hence the proof 
follows in this case by Proposition 18.61 
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13.4. The case I = 5. Let /3(5) = a 2 . We consider the formfi' = Res t5=tl . . . ReSf 2=4l Q. We 
will show that Q' is holomorphic along t\ = t p . 

13.4.1. The case (3(p) = a 2 . We multiply the form Q by a multiplication factor of degree 
9 for the stratum S defined by t% = t 2 ■ ■ ■ = t§ = t p to get a form Q. By Lemma 18.11 the 
form Q satisfies the properties of the function / in Lemma 116.31 Hence by Lemma 17.31 and 
Lemma 116.31 the degree of Q' for the stratum S is at least 5. Now the proof follows from 
Proposition 18.61 

13.4.2. The case (3(p) = ct\. We multiply the form Q by a multiplication factor of degree 8 
for the stratum S defined by t\ — t 2 — ■ ■ ■ — ts = t p . By Lemma [8.11 the form Q satisfies the 
properties of the function / in Lemma 116.11 Hence the proof in this case follows as before. 

13.4.3. The case /3{p) = a^ or /3{p) = a^. The proof that Q' is holomorphic along t\ = t p is 
similar. 

This completes the proof of Theorem 18.31 for g = D4. 

Remark 13.1. In the above proof for the case i = 3 by assuming /3(3) = C13 we followed the 
first pattern of the positive roots starting at a±. If we had assumed (3(3) = and followed 
the second pattern the proof would have been similar. 

14. The case q = C n 

The positive simple roots of C n are ati, . . ., a n . The positive roots of C n are of the form 

atj + aij+i H h ctj for % < j < n; at + a i+ i H h 2aj + 2a j+1 + 2a n _i + a n for i < j < n. 

The highest root 9 is given by 2a 1 + 2a 2 + h 2a n _i + a n . The only possible "pattern" of 

positive roots starting at a\ is a±, (a\ + 02), • • • («i + «2 + • ■ ■ + a n ), (a± + ai + ■ ■ ■ + tt( n _2) + 

2a (n _i) + an) + (ai + a 2 h «( n -3) + 2a {n _ 2 ) + 2a (n _ 1) + a n ) + . . . (ai + 2a 2 h 2a (n _ 2 ) + 

2a (n _ 1) + a n ) + (2a 1 + 2a 2 -\ h 2a (n _ 2 ) + 2a (n _ 1) + a n ). 

The normalized Cartan killing form is given by on) = 1 for 1 < i < n; (a n , a n ) = 2; 
(ctj, ott+i) = — \ for 1 < i < n; (a n _i, a n ) = —1 and (of, a^) = for z + 1 < j. 

Let /3(1) = a\. We give a proof Proposition 18.71 in this case by dividing the proof into 
several cases. When £ — 1, there are no residues and Lemma [8.11 tells us that Q has at most 
simple poles t\ = t p if f3{p) = a 2 . 

14.1. The case I < n. The proof follows easily from the same methods used in Proposi- 
tion HEU 

14.2. The case i = n + 1. Let f3(n + 1) = a< n -i) and Q" = Res 4n=tl . . . Res^^j VL. We know 
that by the previous steps and Proposition 18.61 that the form Q," has at most simple poles 
along t\ = t p if f3(p) = a n -i- Thus by Lemma fl8.ll Q' = 'Rje&t n+1 =t 1 is holomorphic along 
t\ = t p if f}{p) 7^ {a(n-2), a(n—i), Q!( re )}. If f3(p) = a(n-2) Proposition 18.61 tells us that Q' has at 
most a simple pole along t\ = t p 
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14.2.1. The case when f3(p) = a n . We multiply Q with a correction factor of degree n + 3 for 
the stratum S defined by ti = t 2 = ■ ■ ■ = £( n +i) = t p to get a form Q. By Proposition 18.61 
we only need to show that d (fl) > 0. Thus it is enough to show that the degree of Q for 
the stratum S is at least 3. Lemma 18.11 tells us that Q has the same properties as / in 
Lemma 117.21 Now the proof follows from Lemma 117.21 and Lemma 17.31 

14.2.2. The case when /3{p) = a( n _i). When /3{p) = oifa-i) it follows similarly as above from 
Lemma [17.11 that Q' is holomorphic along t\ = t p . 

Let j3{p) = tt( n -2)- Then from Lemma [16.21 it follows similarly that Q' has at most simple 
poles along t± = t p . 

14.3. The case n+1 < £ < 2n — 1. Let f3(n — m) = j3(n + m) = a( n _ m ) for m < n. We prove 
the proposition by induction on £. The initial step £ = n + 1 is proved above. Now we prove 
the inductive step. We assume that for I < m — 1, the form VL" = Res t , +m _ 1) =t 1 • • • ReSf 2= t 1 Q 
is holomorphic along t\ = t p if (3(p) ^ {a n - m }. Proposition 18.61 tells us that Q" has at most 
simple poles along t± = t p if f3{p) = «( n _ m ). 

We consider the form Q' = Res f(n+m ) =tl Q". By Lemma fl8. II we get that the Q' is holomor- 
phic along t\ = t p if (3(p) ^ {a( n _ m _i), a(„_ m ), a( n _ m+ i)}. Proposition 18.61 and tells us that 
Q' has at most simple poles along t\ = t p if (3{p) = a( n _ m _i). 

14.3.1. The case when (3{p) = a( n _ m ). We multiply Q by a correction factor V of degree 

n + 3m + 1 for the stratum S defined by t± — ti — ■ ■ ■ — tr n +m) = t p to get a form Q. By 

Lemma 18.11 the form Q has the same properties as the function / in Lemma 117.31 Thus by 
Lemma 17.31 and Proposition 18.61 we are done. 

14.3.2. The case when f3{p) = a( n _ m+ i). We multiply Q by a correction factor V of degree 

n + 3m for the stratum S defined by t\ — t2 — ■ ■ ■ — tr n+m ) = t p to get a form Q. By 

Lemma 18.11 the form Q has the same properties as the function / in Lemma 117.41 Thus by 
Lemma 17.31 and Proposition 18.61 we are done. 

14.4. The case £ = 2n — 1. . By Lemma 118.11 Proposition 18.61 and the previous step 
we only need to show that Q' = Res 4(2n _ 1)=4l . . .Res t2=il Q is holomorphic along ti = t p if 
(3(p) = {«!, a 2 }- The proof in this case is similar to the proof in the previous step. 

The proof of Theorem 18.31 for g = C n is now complete. 

15. Key Lemmas for G 2 

Throughout this section / will denote a polynomial in multiple variables which is symmetric 
in some variables and vanishes along certain partial diagonals. We use these properties of / 
to give a lower bound on the total degree of /. 

Lemma 15.1. Suppose g(u\, . . . , u n ) is a symmetric polynomial in ui, which vanishes 

on u\ = ■ ■ ■ = u n . Then g is a linear combination of functions of the form 

(ui - Uj) 2 A(ui, ...,«„) 



26 PRAKASH BELKALE AND SWARNAVA MUKHOPADHYAY 

Proof. Clearly g is a linear combination of elements of the form {u\ — U2)A. We just need to 
show that 

^ a{ui - u 2 )A 

cr€S n 

is of the desired form. The above sum is 



^( ^2 ~ u 2 )A(u 1 , u 2 ,...,u n ) + ^2 °~( 12 )( n i ~ u 2 )A(u 1 , u n )) 

\ X] a<yUl ~ U l)( A ( U li U 2 ,..., U n ) - A(u 2 , Ml, ••• , U n )) 



2 

ff£S„ 



and {u\ — u 2 ) divides A(ui, u 2 , u 3 , . . . , u n ) — A(u 2 , U\, u 3 , . . . , u n ), so we are done. 



□ 



Lemma 15.2. Suppose that f(ui,u 2 ,u 3 ,ti,t 2 ,t 3 ) is a symmetric in ui,u 2 ,u 3 and vanishes 
on the nine diagonals of the form u\ = u 2 = t\ ( two u 's and one t ). Then, degree of f is > 5. 

Proof. Write / as a sum 

/ =(/ - /(^p, ^p, ^hMM)) + hfi^MMM 

where 

h(w, h, t 2 , t 3 ) = f(w, w, w, t u t 2 , t 3 ) 
vanishes when w = ti or w = t 2 or w = t 3 , so we may write 

h(w, h, t 2 , t 3 ) = (w - - t 2 )(w - t 3 )g(w, h, t 2 , t 3 ) 

Clearly, / — f(^^-, 3 ± , t%, t 2 , t 3 ) vanishes on u\ = u 2 = u 3 , and is hence of the form 

(ui - u 2 ) 2 A + (u 2 - u 3 ) 2 B + (m - u 3 ) 2 C 

Therefore, 

(15.1) f = (u 1 - u 2 ) 2 A + (u 2 - u 3 ) 2 B + (it! - u 3 ) 2 C + (w- t^iw - t 2 )(w - t 3 )g(w, t h t 2 , t 3 ) 
where w = Put u% — u 2 — t% — c, then the above equation reads 



w 2c + it 3 ± w 2c + w 3 ^ w 2c + u 3 



= (u 3 - c) 2 D + -(u 3 - c)(— ^ - *2)(— 3-^ - ta)»(— 3-^, c,t 2 , t 3 ) 

divide by u 3 — c and set u 3 = c to get g(c,c,t 2 ,t 3 ) = 0, so g(w,ti,t 2 ,t 3 ) is divisible by 
(w -ti)(w -t 2 )(w -t 3 ). 

The degree of / is atleast the degree of h, so if h ^ we are done. In this case, (j!5.ip with 
u \ = u 2 = c (note that if / vanishes on u\ = u 2 then it vanishes on all 3 of the u diagonals 
to order two and is hence of degree at least 6) 



f{c, c, u 3 , ti,t 2 , t 3 ) = (c - u 3 ) 2 D(c, u 3 , ti,t 2 , t 
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Now, the right hand side vanishes for ti = c, so D is divisible by (c — ti)(c — t 2 )(c — t 3 ), and 
hence degree of / is at least five. □ 

Lemma 15.3. Suppose that f(ui,u 2 ,ti,t 2 ,t 3 ,t4) is symmetric separately in u\,u 2 andti,t 2 ,t 3 ,t4 : 
and vanishes on diagonals of the form u\ = u 2 = t± (one t) and t\ = t 2 = t 3 = t^ = u\ (two 
of these). Then, degree of f > 4. 
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Proof. Write / as 

I r r/ U l + M 2 Hi + U 2 

U - /( — - — , — - — ,ti,t2,t 3 ,t 4 )) + g(w,tx,t 2 ,h,t A ) 



U±+U2 

2 



where g(w, tx, t 2 , t%, £4) = f(w, w, tx, t 2 , t%, £4) and w 

The term in the first brackets vanishes when u\ = u 2 and is symmetric in u\,u 2 . Also note 
that g(w,ti,t 2 ,t3,t4) is of the form (w — ti)(w — t 2 )(w — t 3 )(w — t^)h. So, we reduce to the 
case g = so 

u 2 , t u t 2 , £ 3 , t 4 ) = (iii - u 2 ) 2 A(ux, «2, h, h, h, U) 
If A vanishes on tx = t 2 = t 3 = £4, then by Lemma [15. H it has degree > 2. So assume that 
A is non vanishing on tx = t 2 = t 3 = £4 = t, so write 

/(ui, H2, = (ui - n 2 ) 2 A(ni, u 2 , t, t, t, t) 

Put U\ = t which makes the left hand side vanish and hence A(ui,u 2 ,t,t,t,t) vanishes when 
U\ = t. Therefore A(ui,u 2 ,t,t,t,t) is divisible by (ui — t)[u 2 — t) and we are done. □ 

16. Key Lemmas for B„ and D n 

As before / denotes a polynomial in multiple variables which is symmetric in some variables 
and vanishes along certain partial diagonals. We give lower bounds on the total degree of / 
in each of the following lemmas. 

Lemma 16.1. Suppose that /(iii, u 2 , vi, v 2 , ti, t 2 ) is symmetric separately inu\,u 2 andvi,v 2 . 
Also assume that f vanishes on diagonals of the form u\ = u 2 = V\(two u's one v); v 1 = v 2 = 
t\(two v's and one t) and vi = v 2 = U\(two v's and one u). Then, degree of f > 4. 

Proof. We rewrite the function / as follows 

f{U 1 ,U2,Vx,V2,t 1 ,t 2 ) - f[Ux,U 2 , , ,tx,t 2 ) +/(lll,ll 2 , , , *1 , *2 ) ■ 

Now since fx = /(iii, u 2 , Vx, v 2 , tx, t 2 ) — /(«i, ii 2 , Vl + V2 , Vl + V2 ; tx,t 2 ) is symmetric in i>i and v 2 
and vanishes at vx = v 2 , we see that (vx — v 2 ) 2 divides fx- If f(ux,u 2 , Vl ~^ V2 , Vl + V2 ; tx, t 2 ) ^ 
we can write / as 

/(ill, U2, vx, v 2 , tx, t 2 ) = (vx - v 2 ) 2 A(ux, u 2 , Vx, v 2 , tx,t 2 ) + (v - tx)(v - t 2 )(v - ux){v - u 2 )g, 

where v = ^±^. Thus we are done if f( Ul , u 2 , ^±^, tx, t 2 ) ^ 0. 

If f{ui, u 2 , Vl + V2 ; " 1 +" 2 ; ti, t 2 ) = then we can write / as (i>i — i' 2 ) 2 v4(iii, u 2 , vx, v 2 , tx, t 2 ). 
If A(u, u, Vx, v 2 , tx, t 2 ) = 0, then {ux — u 2 ) 2 divides A. If A{u,u,vx,v 2 ,tx,t 2 ) 7^ 0, then {u — 
Vx)(u — v 2 ) divides A(u, u, Vx,v 2 ,tx, t 2 ). Thus we are done. □ 

Lemma 16.2. Suppose f(tx,Ux, ■ ■ ■ ,t m+2 ,u m+2 ) is symmetric in t a ,u a for 1 < a < m + 2. 
Further assume that f vanishes on the diagonals of the form t a = u a = {i a -i> 4+b u a-i, u a +i} 
for 1 < a < m + 2. Then, degree of f is at least 2m + 2. 

Proof. We prove this lemma by induction on m. Lemma [16.11 is the case when m = 1. 

Let us denote w a = ta + Ua . We rewrite our function / as a sum of two functions g = f — fx 
and fx where /i(iwi, t 2 , • • • , t m + 2 , u m+2 ) = f(wx, wx,t 2 , u 2 , ■ ■ ■ , t m+2 , u m+2 ). Now the function 
g is symmetric in tx and ux and vanishes at tx — u\. Thus we get that (tx — Hi) 2 divides g. First 
let us assume that f\ ^ 0, it follows from the properties of / that (wx — t 2 )(wi — u 2 ) divides 
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fx. Thus fx(wx,t 2 ,u 2 , ■ ■ ■ ,t m+ 2,u m+2 ) = (wx-t 2 )(wx-u 2 )gx(wx,t 2 ,u 2 , ■ ■ ■ ,t m+2 ,u m+2 ). It is 
enough to show that gx has degree at least 2m. We put tx = ux and observe that the function 
h{t2, u 2 , ■ ■ ■ , t m+2 , u m+2 ) = gx(tx,t 2 , u 2 , ■ ■ ■ , t m+2 , u m+2 ) satisfies similar properties as that of 
the function / but in less number of variables. Hence by induction we are done. 

Now let us consider the case when f\ = 0. From the previous discussion we get the function 
f(tx, ux,--- t m+2 , u m+2 ) = (tx - Mi) 2 A(ti, Mi, t 2 , u 2 ,--- , t m+2 , u m+2 ) ■ A careful inspection tell 
us that f 2 (t 2 , u 2 , ■ ■ ■ , t m+2 , u m+2 ) = A(tx, Ux,t 2 , u 2 ,--- , t m+2l u m+2 ) satisfies the same proper- 
ties as function / with less variables. Hence by induction we are done. □ 

The proof of the next two Lemma follows from induction and Lemma 116. 21 

Lemma 16.3. Suppose f(to,tx,ux,Vx,t 2 ,u 2 ,t 3 ,Us,--- ,t m+ x,u m+1 ) is symmetric in t a ,v a ,u a 
for all 1 < a < m + 1. Assume that f vanishes on diagonals of the form t a = u a = 
{t a -i, t a+ \, u a _i, u a+1 } for 1 < a < m + 1 and on the diagonal t 2 = u 2 = Vx- Further 
assume that f vanishes on diagonals of the form tx — Vx — {^0^25^2} o,ud of the form 
u\ = vx = {to,t2,U2}, then f has degree at least 2m + 3. 

Lemma 16.4. Suppose f(to,tx,ux,t 2 ,u 2 ,v 2 ,t2,Us,- ■■ ,t m+ i,u m+ i) is symmetric in the vari- 
ables t a ,v a ,u a for all 1 < a < m + 1. Assume that f vanishes on diagonals of the form 
t a = u a = {t a -x, ta+i, u a -x, u a +i} for 1 < a < m + 1 and on the diagonals tx = Ux — v 2 ; 
t3 = U3 = V2- Further assume that f also vanishes on diagonals of the form t 2 = v 2 = 
{ti,ts, Mi, U3} and of the form u 2 = v 2 = {tx,ts, Mi, M3}. Then, f has degree at least 2m + 4. 

17. Key Lemmas for C n , 

As in the previous sections / will also denote a polynomial in multiple variables which is 
symmetric in some variables and vanishes along certain partial diagonals. The proof of the 
next two Lemmas are similar to Lemma 116.11 

Lemma 17.1. Assume f(tx,Ux,u 2 ,u 3 ,Vx) is symmetric in Ui's and vanishes on diagonals of 
the form ux = u 2 = t± ( two u 's and t\ ) and Ux — u 2 = M3 = v\. Then, f has degree at least 
3. 

Lemma 17.2. Assume f(tx, ux, u 2 , Vx,v 2 ) is symmetric separately in u 's and v 's and vanishes 
on the diagonals of the form u\ = u 2 = tx and Vx = v 2 = Mi ( two v 's and one u). Then, f 
has degree at least 3. 

The proof of the next two lemmas are similar to the proof of Lemma 116.21 

Lemma 17.3. Suppose f(to,tx,ux,Vx,t 2 ,u 2 ,ts,U3,--- ,t m ,u m ) is symmetric in t a ,u a ,v a for 
alll < a < m. Assume that f vanishes on diagonals of the formt a = u a = {t a -x, t a +x, u a ~x, u a +x} 
for 1 < a < m. Further assume that f vanishes on diagonals of the form tx = v 1 = {to, t 2 ,u 2 } 
and Mi = v 1 = {to,t2, U2}, then f has degree at least 2m + 2. 

Lemma 17.4. Suppose f(to,tx,Ux,t 2 ,u 2 ,v 2 ,ts,U3,--- ,t m ,u m ) is symmetric in the variables 
t a ,u a ,v a for all 1 < a < m. Assume that f vanishes on diagonals of the form t a = u a = 
{i a -i, t a+ x, u a -x, u a +x} for 1 < a < m and on the diagonals ti = u\ = v 2 , t 3 = M3 = V2- 
Further assume that f vanishes on the diagonals of the form u± = V\ = {^05^2,^2} and 
tx = Vx = {to,t2, M2}. Then, f has degree at least 2m + 1. 
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Remark 17.5. In the case of q = F 4 we will need to prove several degree lemmas, for 
example: Let f be a polynomial in 12 variables u\,u 2 , vi,v 2 ,v 3 , w±, w 2 , w 3 , W4, w$, £1,2:2, 
with the following properties 

(1) / is symmetric (separately) in it's, v's, w's andx's. 

(2) / vanishes on the following partial diagonals: equality of two u 's and one v, two v 's 
and one u, two v 's and one w, two w 's and one x, two x 's and one w; and three w 's 
and one v. 

Then, we will need to show that the degree of f is > 21. 

18. Poles of Residues 

Through this section we assume that Q is a top degree form defined in a neighborhood 
of G C M , which is regular on the complement of the union of (( A 2 f ) + M many) divisors 
ti = tj, i < j and ti = 0, 

Lemma 18.1. Let Q has at most a simple pole along t\ = t 2 . 

(1) Suppose that Q is regular at the generic point of t\ = t 3 and at the generic point of 
ti = t 3 . Then, ReS( 1= ( 2 Q a form on (ti,t$, £4, . . . ) is generically regular on ti = t 3 . 

(2) Suppose that Q has a pole of order less than n along t 3 = £ 4 and a simple pole along 
ti = t 2 . Then, Res fl=i2 Q a form on (t±, t%, t^, . . . ) has also poles along t 3 = t± of order 
less than n. 

Proof. For the first part we proceed as follows: 
Assume 

n = 9i i 1 ;;--' t " ) dt 1 A...Adt M , 

r \t\ — I2J 

where g is a holomorphic function and P is a polynomial in t\, . . . ,tM whose factors are of 
the form t^ and (ti — t^) 0,1 " 3 f° r suitable exponents and a^j. 

Since P(t,t,t,t±, . . . , ijw) 7^ (generically), therefore the residue which is (up to sign) 

g(ti, ti, t 3 , . . . , tM) , , , , , 

— rati A dt 2 A dt± A • • • A ozm 

P[tl,ti, ^3) • ■ • j tM) 

is generically regular on t\ = t 3 . 

The proof of the second part follows from the first. 

Remark 18.2. Note that if P had a term of the form (ti + t 2 — 2ts), then after t\ = t 2 , we 
would have had a new pole at t\ = £3 in the residue. It is important that the polar set of Q 
does not contain sets like t± + t 3 = t 2 + t^, which after t\ = t 2 turn into a t 3 = i 4 . □ 

18.1. Iterated Residues. 

Lemma 18.3. Suppose Q has a simple pole along ti = t 2 and along t 3 = t 4 . Then 

Res u=t3 Res t2=tl Q = Res t2=tl Res t4 =t 3 tt 

By induction, we get the following. 

Lemma 18.4. Let L < M — l be any positive integer. Then the following equality of residues 
holds: 

Res tL+2=tL+1 Res tL=tl ■ ■ ■ Res t2=tl Q = Res tL=tl ■ ■ ■ Res t2=tl Res tL+2=tL+1 Q. 
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Lemma 18.5. Suppose I\ and I2 are disjoint subsets of [M\. Then 

Res^ Res? 2 fl = Res/ 2 Res^ Q. 

Lemma 18.6. Let Ji, I2, ■ ■ ■ , I n be pairwise disjoint subsets of [M] such that \Ij\ = rrij. Then 
for any a G S n the following equality of iterated residues of Q holds: 

Res? • • • Res? Q = Res? ■ ■ • Res? Q. 

-'(T(l) - , cr(n) J l 'n 
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